Abstract. We study the online scheduling problem of maximising job completion subject to temperature constraints. In our setting, jobs are of equal length and have deadlines and heat contributions. The algorithm tries to complete as many jobs as possible before their deadlines while keeping the temperature of the system within an acceptable limit. We give an optimal algorithm for the case where preemption is not allowed. Then we consider the case of preemption and prove a number of lower bounds, showing that for many combination of system parameters, preemption (with restart) is not helpful in improving the competitiveness.
Introduction
Background. Thermal management have become a very important problem in the architectural design of microprocessors and other small devices. As devices become smaller and yet more powerful, an increasing amount of heat needs to be dissipated within an even smaller space. High temperatures are problematic as they affect reliability, incur higher cooling costs or even lead to permanent device failures; see e.g. [6] . Many devices have a temperature threshold that cannot be exceeded, and often this becomes the bottleneck in obtaining better performance.
One way of controlling the temperature is to vary the processor speed according to the load, or forcibly reduce the speed when the temperature gets too high. Often these techniques are used at the hardware level. While such techniques have been extensively studied by the microprocessor architecture community, algorithmic techniques can also be used to manage temperature; see e.g. the survey in [9] . This works more closely at, for example, the operating system level where the OS decides how jobs are scheduled.
The model. We consider a model with online jobs of equal length. Time is divided into discrete unit-sized steps. Every job j has a release time r j and a deadline d j . All jobs have the same length p > 1 which is the number of time steps that each job requires to complete. A job j has a tight deadline if r j + p = d j ; they are also called tight jobs. All r j , d j and p are nonnegative integers. Each job also has a heat contribution h j which is the heat contribution at every time step when j is executing.
The temperature of a system can never exceed the thermal threshold T which can be set at 1 with an initial temperature of 0 without loss of generality. The system has a cooling factor R such that if the temperature at time t is τ t and a job j is executing for a time step at time [t, t + 1) then the temperature at time t + 1 is given by τ t+1 = (τ t + h j )/R. This is a discrete approximation of Fourier's Law of cooling, which states that the rate of cooling of a system is proportional to the difference in temperature between itself and its environment. The algorithm takes a decision at each time step deciding whether to schedule a job, and which job to schedule. The objective of the algorithm is to maximise the throughput of jobs without violating the temperature threshold.
As jobs have longer than unit length, the scheduling may involve preemption as an urgent job may arrive while another job is running. This paper considers both nonpreemptive and preemptive scheduling models. With preemption a job may be preempted and value is only gained for a job that is completed. There are several different models for preemption. In the preemptive restart model, when a job is preempted all current progress of that job is lost and the job must be restarted from the beginning if it is to be completed in the future. In the preemptive resume model, a preempted job can be later resumed at the last point of execution. See e.g. [8] .
For simplicity, the total heat contribution of a job j over all p time steps is denoted by h * j , defined as h *
i . This takes into account the cooling at each step. With this definition the temperature after executing j for its entire duration (without preemption) is given simply by τ t+p = τ t /R p + h * j /R. A job j is pending at time t if j is released but not expired, r j ≤ t < d j , and has not been scheduled before t. A job is admissible at time t if it is pending at t and is not too hot to be executed. As jobs take p steps to complete, the temperature at any point during these p steps must not exceed the threshold. It is easy to show that as long as the temperature at the end of the p steps is within the threshold, then that must also be the case for any intermediate time steps. So for nonpreemptive or the preemptive restart model, a job j is admissible at time t if τ t /R p + h * j /R ≤ 1. Thus no jobs with h * j > R can be admissible. We assume the same for the resume model (this will be discussed in Section 4).
As the jobs arrive online, an online algorithm would not have any knowledge that the job exists, or any of its properties, until the job is released. We analyse online algorithms using the standard competitive analysis: an algorithm A is c-competitive if, for any input instance, the value returned by A is at least 1/c times that of an offline optimal algorithm OP T that knows the entire input sequence in advance and therefore computes the best solution.
Previous results. Algorithmic work on thermal management in online scheduling is relatively limited. The first major algorithmic result concerning temperature aware online scheduling is possibly the one by Bansal et al [1] . A different model was considered there, where all jobs must be finished, processor speeds are unlimited and the objective is to minimise the maximum temperature. Constant competitive algorithms were given for such a model. However, an algorithm with a peak temperature a constant factor higher than the threshold has, after all, exceeded the threshold and thus may be undesirable.
